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Abstract

In this paper we developed an inventory model for decaying items in crisp and fuzzy environment. Inventory is
continuously reviewed. Demand rate is taken as price sensitive. In this study shortages are allowed which is
partially backlogged. In this model we consider single vendor and a single buyer for a single product. The
production rate is finite and is greater than the sum of all the buyer demand.

Introduction

Analysis of an inventory control system is one of the outstanding subjects in operations research and industrial
engineering. It is important for the decision-maker of inventory to identify all the deriving factors which
produces effects on whole inventory planning. Acting as the driving force of the whole inventory system,
demand is a key factor that should be taken into consideration while developing inventory control policy. Fuzzy
set theory provides an alternative method for dealing with this kind of uncertainty from a broader perspective.
Maximum physical goods undergo decay or deterioration over time. So decay or deterioration of physical goods
in stock is a very realistic feature and inventory. Selling price plays an important role in inventory system.

Gupta and Vrat (1986) were amongst the first few researchers to deliberate the effects of stock dependent
consumption rate on an EOQ model. In this study they established EOQ for two cases, one for an instantaneous
replenishment and another for a finite rate of replenishment. Baker and Urban (1988) analyzed a continuous
deterministic case of an inventory system in which the demand rate is a polynomial function of the inventory
level. The algorithm using separable programming was employed to find the optimal solution. Mandal and
Phaujdar (1989) wrote a note an inventory model with instantaneous stock replenishment and stock dependent
consumption rate. Datta and Pal (1990) developed an inventory model with stock dependent demand until the
stock level reached a particular point, after which the demand became constant. Giri et. al. (1996) extended
Datta and Pal by relaxing their restriction of zero inventories at the end of order cycle and including
deterioration effects. Rao et. al.(2004) developed an EOQ model with Weibull deterioration and stock dependent
demand for an inventory with shortages. Optimal production and pricing policies to maximize the net present
value of the total profit over a finite planning horizon was obtained. In (2001) Wee and Law studied an EOQ
model with Weibull deterioration, price dependent demand considering the time value of money. Chen and
Chen (2005) considered a decaying product with a price dependent and time varying demand. The decision
model proposed solves optimally the production lot-size/scheduling problem taking into account the dynamic
aspects of customer’s demand as well as the restrictions of finite capacity in a plant. Roy and Chaudhuri (2006)
studied a model with stock dependent demand under inflation and constant deterioration. Roy et. al. (2007)
developed an inventory model for a seasonal product with deterioration which has a demand rate depending
linearly upon displayed stock level.

There has been a lot of significant research on selling price dependent demand rate also, as is quite evident from
the references cited below. Wee (1997) presented a replenishment policy for items with price dependent demand
and a varying rate of deterioration. Wee and Law (1999) presented an optimization framework applying the
DCF approach to an inventory with price dependent demand. Lately Dye (2007) developed a deterministic
inventory model for deteriorating items with time dependent backlogging rate.

The model is developed with the following assumptions and notations.
Assumptions

The mathematical model is developed under the following assumptions.

1. There is no replacement or repair of deteriorated units.
2. Inventory is continuously reviewed.
3. Demand is price sensitive.
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Shortages are allowed for buyers only, which is partially backlogged.
There are single vendor and a single buyer for a single product in this model.
The production rate is finite and is greater than the sum of all the buyer demand.
. The deterioration rate is taken as a + bt .
otations

Purchase cost.

Demand rate for vender D =C—dP, where c, d are the constants.

ZNoakr

O O ©

Demand rate for buyer R =C—dP, where c, d are the constants.
KD The production rate per year where K > 1

T Time length of each cycle, where T =T, +T,.
T, The length of production runs.
T The length of non production time.

2
[,(t) Inventory level for the vender at any time t.

I,(t) Inventory level for the buyer at any time t.
n Delivery times per period T for buyer.
| The maximum inventory level for the vender.

I The maximum inventory level for the buyer.

wn

<

The set up cost for each production cycle for vender.

Ordering cost per order.

= »
>
N

Holding cost per unit for the vender & buyer.

C,,C, Deterioration cost per unit for the vender and the buyer.
P, Vender’s retail price.

R, Buyer’s retail price.

0, Opportunity cost per unit for the buyer.

Q Maximum ordered quantity for the buyer.

Mathematical Formulation

The Vender’s Inventory Model
The total cycle time is divided into two periods, T, andT, . Where T, is the production period and T, is the non
production period.

Ineriory Laval

a Ti 12 Time
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The inventory system is represented by the following differential equations —

¥:—(a+bt)lv(t)+D(K—1), 0<t<T, (D)
%:—(amt)lv(t)—D , 0<t<T, . (2)

With boundary conditions
1,(0)=0, I,(T,)=0 .. (3)

Solving equation (1) —

2 2 3
L (06" — D(K —1)(t+%+b%)+cl @

Using boundary condition ,(0) =0, ¢, =0

Put this value of C, in equation (4) —
2 3 2
at® bt )e(—at—bté)

I,(t)=D(K —1)(t+7+ , 0<t<T, . (5
Solving equation (2) —
2 2 3
| @™ —pe+ 2B 6
? 2 6
Using boundary condition 1, (T,) =0
_ a2 2\, B ey ety
IVz(t)—D{(TZ—t)+E(T2 ~t )+€(T2 —t )}e 2 0<t<T, . (7)
From equation (7) —
I, =1,{att=0
2 3
| —p|T,+8 BT L ®
2 6

By the boundary condition I, (T;) = 1,, (0) , one can drive the following equation —

2 3 bT?
Ivl (Tl): D(K _1)(T1+%+b%]e(a1—1 2)

2 3
1,,(0) = D(Tz + agz +bL]

6

2 3 bT2 2 3
(K-1) (Tl +%+b%je(_an_ 2 = [Tz + a'I2'2 +bLj

6

.. (9
The Buyer’s Inventory Model

At the beginning of each cycle | ; units of item arrive at the inventory system. During the time interval [O,tl],

the inventory level depletes due to combined effect of demand and deterioration. After it the shortage occurs to
the end of the current order cycle. The whole process is repeated.
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Invertary level

Imi

o N
: Time
L1 \'*«, T
fig-2
The differential equations governing the transition of the system for the buyer is given by —
M+(a+bt)|b(t):—R, o<t<t
dt - (10)
—dlb(t) :—RBil—t]
dt n
dlg(t)z —$ ' tlgtg%
t 1+5(—t)
n 1)
With boundary conditions —
Ib(t1):0
Solving equation (10) —
atbt? 2 8
Ib(t)e(t A):—R t+£+bL +C, .. (12)
2 6
bt;2
_ a2 2\ Prs s [_atl_ 14]
Ib(t)_R{(ti—t)+E(tl —t )+E(tl —t )}e . 0<t<t, . (13)
R T
I,(t)=—log<1+56| ——t | +C .. (14
b()ég{ (n]}s (14)

Using boundary condition 1,(t,) =0

Ib(t):g{log {1+5(%—t)}—log {1+5(%—t1jH , 4 Sté% ... (15)

At t :% it will be the maximum backlogged demand so —
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D) ool

The maximum ordered quantity Q, is —

Q=1,(0)+S

_glp 8t bt R T_
Q_R(tﬁ 5 + 5 )+5Iog {1+5(n tl)}

Now vender’s total cost is the sum of holding cost, deterioration cost, ordering cost, production cost.
V.C = Holding cost + Deterioration cost + Ordering cost + Production cost

+ Set up cost
Set up cost per cycle = S,
The Production cost per cycle —
PC, = pKDT,
The deterioration cost per cycle —
DC, = (Total production — Total demand) C,

DC, =D(KT,—(T,+T,))C,
The inventory holding cost per cycle —

HC, :le(hl +at)l, (t)dt +Tj2(h1 +at)l, (t)dt

Lee  HC,=H,+H,

H, =Tj1(h1+at)lvl(t)dt

0

2 3 4 3 4
HIZD(K_D{Q(L_&W Jraf T2

2 3 4 3 4
sz[{hl{T?Z+aT2 BT _aT? b, }m{

3 8 6 24

Put these value of H,and H,in equation (23) —

HC, = D(K —1)th(T_12_i13_ beJm(Tf

2 3 4 3 4 5
+D[hl{Ti+i+ bT, }+a{T—2+ aT, -+ bT,

2 6 12 6 24 40

So the total cost function for the vender is given by —

2 3 4 3 4
VIC= D|:(K —1){hl[TL—i_le ]M{L_i_

T} aT;} bT}
+ay—=+—=+
6 24 40
Buyer’s Total cost
The Ordering cost per cycle = S,
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Ty 2 3 _at_bL
H, = [ (h, +at) D(K —1)(t+%+b%je{ 2

6

.. (21)

E . aT,’ . bT, aT, ~ bT,

8

12

40

.. (16)

. (17)

... (18)
.. (19)

.. (20)

.. (22)

. (23)

.. (24)

H -9

.. (26)

.27

.. (28)



The Inventory holding cost per cycle

HC. =R| h i+a—tﬁs+£ +a E+a_tf+b_tf_a_tf_ﬂ - (29)
b 12 6 12 6 8 20 6 24

The Deterioration cost per cycle —
Deterioration cost = C, (Maximum ordered quantity — Total demand)

o[ 5+ P (- o

The Shortage cost per cycle —

ST 18 I 0 I e o S N

52
.31
The Opportunity cost per cycle
oC, =Ob§[log n—log (n—nt,5+T35)] . (32)

The Purchase cost per cycle —

=pQ

= p{R[tl+a7tf+b%3J+§log [Hé(%_tljﬂ ... (33)

Therefore the buyer’s total cost is the sum of equation (29), (30), (31), (32) and (33)
B.C = Holding cost + Deterioration cost + Purchase cost + Ordering cost
+ Shortage cost + Opportunity cost

B.C:R{h [tf+atl+t1]+0{tf+at“ bi atl—bti]} CD{R(atlz+t)tf)+Rlog [1+5(T—t1jj}
2 6 12 6 8 20 6 24 2 6 1) n
R|-T T T T o (l%(%_tin T
S == - I L _sln _ _ -
+K, 51 log (1+5[n QD (tl n)Iog (l+5(n tln 9 5 log 52 tlog (l+5(n tln

{ (tl Lat btlj Riog [1+5[—tln}+sb+ob§{logn—log (n-nt5+T5)}

The Integrated joint total cost function TC for the vender and the buyer is the sum of VC and BC.
T.C=V.C+B.C ... (3%

2 3 4 3 4 5 2 3 4 3 4 5
To = (o am)lik pln [T AT BT (T2 ant bT| [ (T 4T BT (T2 aTd bT
2 6 12 3 8 15 2 6 12 6 24 40

+(C—dF’V)Cv(KT1—(T1+T2))+DKDT1+SV+(C—de){h [i—ﬁ—bgj a[‘f+atf+btf_atf-btf]}

.. (34)

2 6 12 6 8 20 6 24

(oo -8 g 1o Tt ) g (ot - {4-T oo [0 - )

+pv{(c—dP)(t1+ati btij (c- )Iog (1+5U1_t1)]}+sb+ob (c_;Pb){log n—log (n—nt,5+T5)}

5
.. (36)
Now defuzzified the model by using signed distance method.
Fuzzy Mathematical model
Practically, demand rate and deterioration rate are imprecise. So we take ¢, d and a as a fuzzy number i.e., as

NN A

c,d, a. Then due to this —
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(A:=(C—A1,C,C+A2)
Where0 <A, <cand A/A, >0

AN

d=(d-A;d,d+4,)
Where0 <A, <dand A,A, >0

a=(a—-A;,a,a+A;)
Where0 < A, <aand A;A, >0

And the signed distance of C is given by the relation —
AA 1
d (c,oj = C+Z(A2 -A)

d (c,oj >0and d (c,oj e[c—A,c+A,]
d (C, Oj is the estimated initial demand rate during the planning period [O,T] based on the signed distance.

And the signed distance of d is given by the relation —

d(a,?) ~d +%(A4—A3)

d(a,a >0andd(a,6je[d—A3,d +A,]

d (d ,0 | is the estimated demand rate during the planning period [O,T] based on the signed distance.

A

And the signed distance of a is given by the relation —
d (8,6]=a+%(A6 —A,)
d (86) >0and d (a,é)E[a—As,a-l-Afs]

d (a, Oj is the estimated deterioration cost during the planning period [O,T] based on the signed distance.

d{FTC(e,a,aj,O}zF2+%[F3—Fl] - G7)

Where FTC (C, d, aj the estimated fuzzified total costand F, F,, F;are obtained —
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T2 T2 bT! T2 T* bT?

F=((c-A,)~(d-A,)R ){(K—l){hl[z—(a T ]+a(3 —(a-8) 5T j}
+hl(T§2—(a As)Tg—g}a(Tg (a- A)g T;J} ((c=4,)-(d=24,)R)C, (KT,
—(T1+T2))+pKDT1+SV+((c—A1)—(d—A3)Pb){h2[t£—(a—As)tg ngm[tg—(a A)Z

+b—t5—(a—A )tla—btfj}wb {((c-a,)—(d —Ag)Pb)[(a—As)tf—bg}((c_Al)_(d ~4)R)

20 6 24 2

o[ oL )

log [1+6G—t1j]]}+pv{((c—Al)—(d—Aa)Pb)[tl (a-ay) -0 )+((C_Al)_§d_A‘°’)P")
o 125{T ] o5, 0O g

B R O S R
+a(T22—aT23—bT;j}+(c—de)Cv(KTl—(T1+T2))+pKDT1+SV+(c—de)
RIS A R T

o (T {2 T (1) - (1) )

+p, {(c—de)(t1 _aztf_bﬁtfj+ (c _;P ) log (1+5(—t1j]}+ S, +0, (C_;P“) {Iog n-log (n—ntl§+T5)}

|:3:((C+A2)—(d+A4)Pv){(K—1){hl[T22 (a+A )T63 b1T2 jm(g—(ame)g—%]}

T2 T3 T T2 T BT
+hl[?2—(a+As)€2— 122 j+a(?2—(a+A )24 20 \J}+((C+A2)—(d +A4)PV)CV(KT1
t2

L(T,+T,))+ pKDTl+SV+((c+A2)—(d+A4)Pb){h2(?—(a+A )%_%]m[%_(am )t;

+£—(a+A )i—ﬁj}mb {((c+a,)-(d +A4)Pb)£(a+A )t; bty j+((C+A2)_(d+A4)Pb)

20 V6 24 6 S

AL R TSRV T

log [1+6[%—tjj}+pv ((c+A,)—(d+A,)R )[ (a+A)t; btij ((c+a,)—(d+4,)R)

6 o

log (l+5[%—tlj }+Sb+0b ((C+A ) ;dJrA i ){Iogn log (n- nt15+T5)}

Now we will discuss the numerical example for crisp and fuzzified model
Numerical Example

a=.0l, b=.002, c=1500, d=8 F,=0.25 F =0.25
S, =400, S, =60, p,=25 ~ p,=40, 5=0.015 K, =18
0, =250, T =40
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Total cost for different value of n

n k T, t T T.C.

1 2 14.8081 20.1982 25.9341 8219.31

2 2 17.8346 24.7518 24.1757 11514.43
3 2 19.2012 25.1327 22.8415 13819.81
4 2 22.1342 27.9854 18.1136 12040.704
5 2 25.4257 30.1146 16.7525 10181.89
6 2 28.1137 30.8172 10.1342 9872.02

7 2 32.1345 31.2740 9.9182 9185.81

Conclusion

When the environment is fuzzy, there are many modifications in the problem which was previously defined in a
crisp sense. Sometimes it so happens, that the decision maker does not even want to maximize or minimize any
objective function, rather he might want to achieve some aspiration levels which might not be even definable
crisply. In such cases, fuzzy formulation of the problem comes in handy for the decision maker. The dependence
of the sale of any item on its selling price is not a new concept, but a common sense conclusion. It is a general
observation that an increase in the selling price of the commodity will deter its customer’s from opting that item
in future. In this paper we developed an inventory model in which there is no replacement or repair of
deteriorated units. Inventory is continuously reviewed. Demand rate is taken as price sensitive. In this study
shortages are allowed for buyers only, which is partially backlogged. In this model we consider single vendor
and a single buyer for a single product. The production rate is finite and is greater than the sum of all the buyer
demand. The deterioration rate is taken as linear time dependent. The model has been explored analytically and

numerically.

References

1. Agarwal, Priti and Kalra, B. S. 2013, An Introduction model with deteriorating items and selling
price demand rate in Fuzzy Environment, International Transactions in Applied Sciences, 5(2), 252-
267.

2. Baker R.C. and Urban T.L. 1988. A deterministic inventory system with an inventory level
dependent demand rate. Journal of the Operational Research Society, 39, 9, 823-831.

3. Balkhi, Z.T. and Benkherouf, L., 2004. On an inventory model for deteriorating items with stock
dependent and time varying demand rates. Computers and Operations Research, 31, 223-240.

4, Chen J.M. and Chen L.T. Pricing and production lot size/scheduling with finite capacity for a
deteriorating item over a finite horizon. Computers and Operations Research, 32, 2005, 2801-2819.

5. Datta, T.K. and Pal, A.K. 1990. Deterministic inventory systems for deteriorating items with
inventory level dependent demand rate and shortages. Journal of the Operational Research Society, 27,
213-224.

6. Dye C.Y. 2007. Joint pricing and ordering policy for a deteriorating inventory with partial
backlogging. Omega, 35, 2, 184-189.

7. Giri, B.C., Pal, S., Goswami, A. and Chaudhuri, K.S. 1996. An inventory model for deteriorating
items with stock dependent demand rate. European Journal of Operational Research, 95, 604-610.

8. Gor R. and Shah N. 2006. An EOQ model for deteriorating items with price dependent demand and
permissible delay in payments under inflation. Opsearch, 43, 4, 376-388.

9. Gupta R. and Vrat P. 1986. Inventory model for stock dependent consumption rate. Opsearch, 23, 1,
19-24.

10. Kalra, B. S. and Agrawal, Priti 2010, Fuzzy Inventory Model for Non-instantaneous Decaying ltems
under Inflation, International Journal of Applied Mathematics and Physics, 2(2), 223-229.

11. Mahapatra N.K. and Maiti M., 2005. Multi objective inventory models of multi items with quality
and stock dependent demand and stochastic deterioration. Advanced Modeling and Optimization, 7, 1,
69-84.

12. Mandal B.N. and Phaujdar S. 1989. A note on an inventory model with stock dependent

consumption rate. Opsearch, 26, 1, 43-46.

13. Roy A., Maiti M.K,, Kar S. and Maiti M. 2007. An inventory model for a deteriorating item with
displayed stock dependent demand under fuzzy inflation and time discounting over a random planning
horizon. Applied Mathematical Modelling.

15
WWW.njesr.com



14,

15.

16.

17.

18.

Roy T. and Chaudhuri K.S. 2006. Deterministic inventory model for deteriorating items with stock
level-dependent demand, shortage, inflation and time discounting. Nonlinear Phenomena in Complex
Systems, 9, 1, 43-52.

Subbaih K.V., Rao K.S. and Satyanarayan B. 2004. Inventory models for perishable items having
demand rate dependent on stock levels. Opsearch, 41, 4, 223-236.

Wee H.M. and Law S.T. 1999. Economic production lot size for deteriorating items taking account t
of the time value. Computers and Operations Research, 26, 545-558.

Wee, H.M. 1997. A replenishment policy for items with price dependent demand and a varying rate of
deterioration. Production Planning and Control, 8, 5, 494-499.

Wee, H.M. and Law, S-T. 2001. Replenishment and pricing policy for deteriorating items taking into
account the time value of money. International Journal of Production Economics, 71, 213-220.

16
WWW.njesr.com



